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Let us consider the second order nonlinear delay-differential equation 
where x,,(t) = ~(t - am), x,,(t) = x’(t - ai( and the delays 7i , ci are 
assumed to be continuous functions, nonnegative and bounded by some 
common constant M on the half-line [to, + co). The continuity of the 
functions fi : [t,, , + 00) -+ R and Fi : R2 + R (1p is the real line) as well as 
sufficient smoothness for the existence of solutions on [to , + co) will be 
assumed without mention (cf. El’sgol’ts [2], or Sficas [9]). 
A solution x(t) of Eq. (1) is called oscillatory if it has no last zero, i.e., if 
x(tl) = 0 for some tI , then there is some t, > tl with x(tJ = 0. Equation (1) 
is called oscillatory if every solution is oscillatory. 
If Ti(t) = 0 and ai = 0, t E [to , + co) for every i = 1, 2 ,..., n, then 
Eq. (1) reduces to the ordinary differential equation 
X” + $fi(t) Fi@, x’) = 0, 
which has been the subject of numerous studies concerning oscillatory pro- 
perties of the solutions. 
Recently, Gollwitzer [3] has given a necessary and sufficient condition 
for the delay-differential equation 
r”(t) + T&(t) YN + 42(f) row = 0 
to be oscillatory, improving previous results due to Atkinson [l], LiEko and 
Svec [7] concerning the case of ordinary differential equations. 
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Our purpose in this work is to give some oscillation criteria (sufficient 
conditions) for the more general delay-differential equation (1). Our results, 
still in the reduced case of the ordinary differential equation (2), are generaliza- 
tions of other ones due to Kartsatos [4] and Pint& [8]. 
THEOREM 1. Let the equation (1) satisfy the following conditions: 
(9 h(t) 3 0 for every t E [to , + a> 
(ii) sg F,(x, y) = sg x andFi( - x, - y) = - Fi(x, y)fo~ every (x, y) E R2 
(iii) there exists an index j such that 
(iii), F#x, Ay) = A2*+Fj(x, y) 
for every (x, y) E R2, h E R and some integer p > 0 
(iii), /Iomfi(t) dt = + 00. 
Then the equation (1) is oscillatory. 
Proof. We assume the existence of a nonoscillatory solution x(t) of (l), 
that is, x(t) # 0 for large t. Since, by condition (ii), - x(t) is again a solution 
of (l), we can assume that x(t) > 0 for t sufficiently large. Then for larger t, 
if necessary, it is easy to see, by conditions (i) and (ii), that x”(t) < 0. Now, 
by condition (iii), and using a simple argument (cf. [5], p. 676) we can, more- 
over, derive that x’(t) > 0 for t sufficiently large. Thus, without loss of 
generality, we can assume that 
x(t) > 0, x’(t) > 0 and x”(t) < 0 for every t E [to , + a). 
We can now apply a lemma of Kiguradze [6] to obtain 
x’(t) < 4 
x(t>’ t 
for sufficiently large t and for some constant L. Hence 
. x’(t) 0 
tlfftflm x(t) = - 
Using the monotonicity of x(t) and x’(t) we obtain 
o < x4(t) x’(t - q(t)) 
qq= xtt - 4)) 
< x’(t - M) 
’ x(t - M) ’ t E [to + M + a>. 
(3) 
Thus by (3), 
(4) 
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Similarly, 
I 
1 = x(t) - X&) x7.(t) * 
4) x(t) 
< 
x(t) - x(t - M) 
4) 
and by the mean value theorem, 
x(t) - x(t - M) Mx’(t) < M “lt - M) 
GM 
x’(t - M) 
4) =x(t)\ 4) x(t - M) ’ 
I 
x&J -- 
x(t) 
1 < M xv - M) 
’ x(t -M) ’ t E [to + M, + a). 
Thus, again by (3), 
. x&> 
2% x(t) = 1. 
Now, if q(t) = x(t)/x’(t), an easy computation leads to 
< - ~Fj(x~j(t), x&(t)) 
from which, by (iii), and the fact that x(t) is increasing, follows 
( 1 $) ’ < - %i(to)2”h(t) f+.(l,$), tE[to+M,+co). 
Because of (4), (5), and (ii), we have 
2% x(t) . %(l,$) =F,(l,O) >o 
and consequently by (iii), , 
(5) 
(6) 
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Now, integrating (6) we obtain 
1 1 __ - 
4(t) q(to + M) = II,, (j$’ ds 
-==c - X7j(4J2” J” h(s) 
to+M 
$F+$)ds 
and since by (3) lim,,,, l/q(t) = 0, we derive the contradiction 
- I/[& + M)l < - a. 
Remark. Kartsatos [4] proved the above theorem in the case of ordinary 
differential equation (2) under the more restrictive condition n = 1. 
THEOREM 2. Let the equation (1) satisfy the following conditions: 
(i) fi(t) 3 Ofor eyv t E [to , + a> 
(ii) sgF&, y) = sg x andFi( - x, - y) = - F,(x, y) for every (x, y) E R2 
(iii) I # D, where I denotes the set of all indices i for which the function 
Fi(x, y) is nondecreasing with respect to x and with respect toy on R, as well as 
the function [Fi(x, 0)1/x is nonincreasing on (0, + CO) 
(iv) there exists a positive and d@rentiable function p)(t), t E [to, + CO) 
such that 
s-” [v(t);,,t)Fy - a] dt = + ~0 
for every p 3 1. 
Then the equation (1) is oscillatory. 
Proof. As in the proof of Theorem 1, the existence of a nonoscillatory 
solution x(t) of Eq. (1) leads to 
x(t) > 0, x’(t) > 0 and x”(t) < 0 for every t E [t, , + co). (7) 
Thus we can use the transformation 
z(t) = - x(txyq v(t), te[to+M + 00) (8) 
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to obtain 
x,(t) = ~lhwi(%,(‘)~ x&W) q(t) + x’(t) x’(t - w x’(t) x(t - M) xyt ~ M) dt) - q - M) ~ v’(t) 
2 P)(t) CL(t) F&t - w> 0) + 
&I 
x(t _ M) x2(y(lk) v(t) - $&) TJYt) 
F,(x(t - M), 0) = 949 C fiw x(t _ J/f) + X2(t) ~ + 4t> v’(t) iEI dt) dt > 
= Ptt) Cfdt> F,(x(t - w, 0) x(t _ M) F(t) + - ~ 
iEI 4v,(t) 
& [z(t) + $ v’(tf 
2 v(t) Cfdt) 
F,(x(t - Ml, 0) vf2(t> 
iOI 
x(t - J/f) -&a-* 
(9) 
Since by (7) x(t) is concave on [to , + co), 
or 
and consequently there exists a t, 3 to + M and an appropriate constant 
K > 1 such that 
x(t - M) < kt for every t E [t1 9 + a). (11) 
Thus, by (9) and condition (iii), we obtain first 
z’(t) > p)(t) Cf*(t)F* - g& , tE[tl, + 00) 
&I 
and then, by integration, 
Now, because of condition (iv), it is easy to see that z(t) is eventually 
positive, which is a contradiction, since, by (7) and (8), z(t) < 0 for every 
t E [to + M, + a>. 
Remark. The above theorem has been proved in the reduced case of the 
ordinary differential equation (2) by Kartsatos (cf. [4], Th. 2) under the 
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restrictive condition n = 1 and by Pint& (cf. [8], Th. 3) under the restrictive 
conditions 
Fi(X7 Y) = g,(x) hi(Y)* 1 = (1, 2 ,...) n}, I 
+” dt=+co 
and 
s 
+5o +2(t) 
-dt<+oo. 
v(t) 
In the above theorem condition (iv) depends on a parameter p > 1. 
Because of this, several difficulties may appear in the verification of (iv). 
For this reason, it is interesting to relax this condition by requiring (iv) 
only for p = 1. This is possible, if we replace in (ii) the assumption 
Fi( - X, - r) = - Fi(x, y) by the stronger one F&X, Ay) = AFi(x, r). More 
precisely the following theorem is valid. 
THEOREM 3. Let the equation (1) satisfy the conditions (i) and (iii) of 
Theorem (2), as well as the following ones: 
(ii)’ sgFi(x, y) = sg x and F,(Ax, Ay) = hFi(x, y) for every (x, y) E R2 
and AGR 
(iv)’ there exists u positive and diSfeerentiubZe function y(t), t E [to , + CO) 
such that 
j-+m [y(t);f&)W,O) - $$f]dt = + ~0. 
Then the equation (1) is oscillatory. 
Proof. Since by condition (ii)‘, for any solution x(t) of the equation (l), 
Ax(t) is again a solution of (l), we can assume in the proof of the previous 
theorem that x’(t,) < 1 and thus by (lo), we can substitute in (11) K = 1. 
The theorem follows now exactly the same way as the previous one. 
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